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In the context of fðRÞ gravity with a spatially flat FLRW metric containing an ideal fluid, we use
the method of invariant transformations to specify families of models which are integrable. We find
three families of fðRÞ theories for which new analytical solutions are given and closed-form solutions
are provided.
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I. INTRODUCTION
The discovery of the accelerated expansion of the
Universe has led to many cosmological models which
aim to explain this phenomenon, using a spatially flat
geometry and a cosmic dark sector formed by cold dark
matter and some form of dark energy, with negative
pressure. Among the large family of possible cosmological
scenarios, the modified gravity models occupy a much-
studied position in cosmological studies, since they provide
a way of explaining the accelerated expansion of the
universe, under a modification of Einstein-Hilbert action.
Traditionally, the simplest term which has been added to
the gravitational action is the squared Ricci scalar which
leads to a model of inflation [1,2]. The latter corresponds to
a family of models in which the gravitational action is a
function of the Ricci scalar of the underlying geometry and
consequently the cosmological field equations are fourth-
order in time. This class of models belongs to the so called
fðRÞ extended theory of gravity [3–5], and it has been
applied in various areas of the gravitational and cosmo-
logical studies (see [6–12] and references therein).
The modification of the Einstein-Hilbert action by intro-
ducing other kind of invariants has lead to an entire
menagerieof f theories [12–28]. Some theories are sec-
ond-order, like general relativity, while others are of at least
fourth order. In the context of modified gravity, the field
equations form a system of nonlinear ordinary differential
equations which may not be integrable. In general, the role
of integrability in any dynamical problem is to provide the
necessary conditions to compute its solution. Obviously,
the latter achievement is very important in cosmology. For
example, one of themain problems that integrability solves is
the determination of the initial conditions in cosmological
simulations. Various methods have been proposed in order to
study the integrability of dynamical systems. In Liouville’s
integrability approach to (classical) Hamiltonian systems,
there is a point transformation for which the action is
determined by the method of separation of variables. This
is equivalent with the existence of a second conservation
law which defines a support manifold such that intersects the
phase space volume. However, this is not the only possibility,
since theHamilton-Jacobi canbe solved explicitlywithout the
existence of a coordinate system that leads to a separation of
variables. In the second case, the conservation law provides a
Lie-supported manifold for the dynamical system [29].
Conservation laws provide sufficient constraints to
solve the Hamilton-Jacobi equation and they are related
directly to the existence of transformations (“symmetries”)
which maintain dynamical invariance. Another way to
study the integrability of a dynamical system is by the
method of singularity analysis in which a necessary
condition for success is the existence of a singular solution.
Singularity analysis has been performed in various gravi-
tational studies, and it can be used to determine important
information about the evolution of the system close to a
singularity [30–38].
*yiannis.papayiannopoulos@gmail.com
†svasil@academyofathens.gr
‡jdb34@hermes.cam.ac.uk
§anpaliat@phys.uoa.gr
PHYSICAL REVIEW D 97, 024026 (2018)
2470-0010=2018=97(2)=024026(11) 024026-1 © 2018 American Physical Society
In this work, we are interested in algebraic integrability
in the sense that we will search for those fðRÞ-models for
which the polynomial in the momentum conservation law
exists and can be used to write the field equations as a
system of two first-order differential equations. In order
to determine the conservation laws, we use Noether’s
theorems. Specifically, from the first theorem we find
the necessary conditions that the fðRÞ theory needs to
obey in order for there to exist a (generalized) symmetry
vector, while from the second theorem the conservation
law is determined. This is an analogue of the Ovsiannikov
classification of the nonlinear heat equation [39] which has
been applied in various gravitational theories and has led to
new integrable models (see [40–55] and references therein).
Noether’s Theorem is the main mathematical tool that we
use in this study and specifically we select to work within
the framework of the so-called “contact symmetries” [56].
We extend our previous works [57,58] to complete the
classification of the integrable models in fðRÞ gravity
[59,60]. The plan of the paper is as follows.
In Sec. II, we briefly present the main points of fðRÞ
modified gravity with an ideal gas. Next, we derive the field
equations and we discuss the minisuperspace Lagrangian in
the context of the classical Hamiltonian formalism.
Sections III and IV then present the main results of our
analysis, namely we identify those families of fðRÞ models
for which the field equations admit extra local conservation
laws and so form integrable dynamical systems. Finally,
our conclusions are presented in Sec. V.
II. THE GRAVITATIONAL FIELD EQUATIONS
In this section, we introduce the main ingredients of
fðRÞ gravity. Specifically, the modified Einstein-Hilbert
action of fðRÞ gravity is
S ¼
Z
dx4
ﬃﬃﬃﬃﬃﬃ
−g
p  1
2k
fðRÞ þ Lm

; ð1Þ
where R is the Ricci scalar, g is the determinant of the
metric tensor, k≡ 8πG and Lm is the Lagrangian function
for the matter source. Varying S with respect to the metric,
we obtain the gravitational field equations
f0Rμν −
1
2
fgμν − ð∇μ∇ν − gμν∇σ∇σÞf0 ¼ kTμν; ð2Þ
where f0ðRÞ ¼ dfdR, Rμν is the Ricci tensor, and Tμν ¼ ∂Lm∂gμν is
the energy-momentum tensor for the matter source. It is
interesting to see that the field equations can be cast in the
following form
Rμν −
1
2
Rgμν ¼ keffðTμν þ TfðRÞμν Þ; ð3Þ
where keff ¼ kf0ðRÞ. Also, the quantity TfðRÞμν can be viewed as
the effective energy-momentum tensor of the modifications
of the Einstein-Hilbert action, and is expressed as
TfðRÞμν ¼ ð∇μ∇ν − gμν∇σ∇σÞf0 þ 1
2
ðf − Rf0Þgμν: ð4Þ
Of course, for fðRÞ ¼ R the above formulas reduce to those
of GR.
Now, assuming a spatially flat Friedmann-Lemaître-
Robertson-Walker (FLRW) metric,
ds2 ¼ −dt2 þ a2ðtÞðdx2 þ dy2 þ dz2Þ; ð5Þ
the field equations (2) give the modified Friedmann’s
equations:
3f0H2 ¼ kρm þ
f0R − f
2
− 3Hf00 _R; ð6Þ
and
2f0 _H þ 3f0H2 ¼ −2Hf00 _R − ðf000 _R2 þ f00R̈Þ
−
f − Rf0
2
− kpm; ð7Þ
where aðtÞ is the scale factor, H ¼ _a=a is the Hubble
parameter1 and R ¼ 6½äaþ ð _aaÞ2 in which the dot denotes
derivative with respect to the comoving proper time, t.
Notice that ρm ¼ Tμνuμuν and pm ¼ Tμνðgμν þ uμuνÞ are
the energy density and pressure of the matter source,
where uμ is the normalized four-velocity vector. For the
equation of state of the cosmic matter, we use pm ¼ wmρm
which corresponds to an ideal gas, namely with wm ¼
γ − 1 ¼ const, and wm ∈ ½0; 1 (or γ ∈ ½1; 2). Utilizing the
conservation law Tμν;ν ¼ 0 it is easy to show that ρm evolves
as ρm ¼ ρm0a−3γ , where ρm0 is the corresponding density
at the present time (a ¼ a0 ¼ 1). It is worth noting that
for dominant relativistic matter we have γ ¼ 4=3 (when
wm ¼ 1=3), while in the case of pressureless matter we get
γ ¼ 1 (wm ¼ 0).
If we focus on the first Friedmann equation (6), then we
can introduce an effective dark energy sector of (modified)
gravitational origin. Indeed, the dark energy density and
pressure are rewritten as
ρf ¼
f0R − f
2
− 3Hf00 _R; ð8Þ
pf ¼ 2Hf00 _Rþ ðf000 _R2 þ f00R̈Þ þ
f − Rf0
2
; ð9Þ
while the effective equation of state (EoS) parameter
wf ¼ pfρf is given by [6,7,43],
wf ¼ −
ðf − Rf0Þ þ 4Hf00 _Rþ 2ðf000 _R2 þ f00R̈Þ
ðf − Rf0Þ þ 6Hf00 _R : ð10Þ
1Recall that for an arbitrary lapse function NðtÞ in the line
element (5) the Hubble function is defined as H ¼ _aNa.
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A. Minisuperspace Lagrangian
From the technical point of view it will help our analysis
to insert the Lagrange multiplier [61–63] λ in the action (1)
as follows
S ¼
Z
dx4
ﬃﬃﬃﬃﬃﬃ
−g
p 
fðRÞ − λ

R − 6

ä
a
þ

_a
a

2

þ 2ρm0a−3ðγ−1Þ

; ð11Þ
where we have set
ﬃﬃﬃﬃﬃﬃ−gp Lm ¼ ρm0a−3ðγ−1Þ and k ¼
8πG≡ 1. Now, if we vary the action with respect to R
(∂S∂R ¼ 0) we find λ ¼ f0ðRÞ. Therefore, using the latter
condition it is straightforward to obtain the overall
Lagrangian of the current dynamical problem, namely
Lða; _a; R; _RÞ ¼ 6af0 _a2 þ 6a2f00 _a _Rþa3ðf0R − fÞ
þ 2ρm0a−3ðγ−1Þ: ð12Þ
One may check that, with the aid of Eq. (12), the Euler-
Lagrange equations provide Eq. (7) and the definition of the
Ricci scalar respectively. Furthermore, introducing a lapse
function N in the FLRW metric (5) the total Lagrangian
becomes
LðN; a; _a; R; _RÞ ¼ 1
N
ð6af0 _a2 þ 6a2f00 _a _RÞ
þ Na3ðf0R − fÞ þ 2ρm0Na−3ðγ−1Þ;
ð13Þ
The fact that the Lagrangian is independent from deriva-
tives of N implies that the corresponding Hessian vanishes
and so the system is singular. Indeed, the first Friedmann
equation (6) is the constraint equation, namely ∂L∂N ¼ 0, and
it plays a central role in the Hamiltonian formalism as well
as in the quantization of gravity. Moreover, without loss of
generality we assume N ¼ Nða; RÞ which means that the
constraint equation (6) can be viewed as a conservation
law of the field equations. Lastly, we stress that based on
the effective gravitational parameter keff ¼ kf0ðRÞ≡ 1f0ðRÞ we
can provide the scalar-tensor representation of the fðRÞ
gravity which is equivalent to that of Brans-Dicke theory in
the form of O’Hanlon [64]. In particular, considering an
effective scalar field such as ϕ ¼ f0ðRÞ the action integral
(11) takes the following form
S ¼
Z
dx4
ﬃﬃﬃﬃﬃﬃ
−g
p ½ϕRþ VðϕÞ − 2ρm0a−3ðγ−1Þ ð14Þ
with
LðN; a; _a;ϕ; _ϕÞ ¼ 1
N
ð6aϕ _a2 þ 6a2 _a _ϕÞ þ Na3VðϕÞ
þ 2ρm0Na−3ðγ−1Þ: ð15Þ
where we have set VðϕÞ ¼ f0R − f. Obviously, this result
corroborates, in the effective scalar field language, the
transit of the fðRÞ theory into the scalar-tensor regime
which is a second-order theory [5].
The scalar field description of fðRÞ gravity is useful
because the order of the theory is reduced, while at the same
time the number of the dependent variables is increased.
Moreover, with the aid of the scalar field description one
can use the Lagrange multiplier towards extracting a
classical pointlike Lagrangian, which can be used in order
to write the corresponding Hamiltonian and thus to derive
the field equations [65,66]. Therefore, utilizing the latter
mathematical treatment we can apply the known results of
analytical mechanics in order to study the integrability of
our dynamical system [67]. As an example, it is well known
in analytical mechanics that the Legendre transformation
relates the second-order Euler-Lagrange equations with the
first-order Hamilton’s equations, while the solutions and
the integrability survive through the transformation.
Following a similar ideology, one may easily understand
the role of the transformation ϕ ¼ f0ðRÞ in fðRÞ gravity,
namely it decreases the order of the theory from four to two
([61–63,65,66]), while the solution trajectories remain
invariant.
In addition, there is a conformal equivalence between
fðRÞ. gravity theories and general relativity with a scalar
field. The former theories are fourth order in the metric
variables and the latter are second order in the effective
scalar field, which is determined by the logarithm of the
scalar curvature, R. From the point of view of the initial
value problem, the general solution of general relativity
plus a scalar field is determined by six independently
arbitrary functions of the three spatial variables on a
hypersurface of constant time, whereas the general solution
of fðRÞ gravity in vacuum is determined by 16 arbitrary
spatial functions [68,69]. However, if the metric is spe-
cialized to the zero curvature Friedmann model then no free
functions are required in either case. Likewise, all vacuum
or trace-free fluid solutions of general relativity are also
particular solutions of fðRÞ gravity theories if fð0Þ ¼ 0 and
are characterized by the same number of free spatial
functions in both theories.
1. Hamilton’s equations
Using the standard Hamiltonian approach, and with the
aid of Eq. (15), we calculate the canonical momenta
Npa ¼ 12aϕ _aþ 6a2 _ϕ; Npϕ ¼ 6a2 _a; ð16Þ
so the Hamiltonian function becomes
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H ¼ N

papϕ
6a2
−
ϕp2ϕ
6a3
− a3VðϕÞ − 2ρm0a−3ðγ−1Þ

; ð17Þ
where the field equations of the previous section are those
of Hamilton’s equations and the constraintH ¼ 0. In order
to proceed with the dynamical analysis, we need to
introduce the functional form of the lapse function N.
Without loss of generality and in order to simplify the field
equations we prefer to utilize N ¼ a3ðγ−1Þ and so the
equations of motion reduce to the following system:
_a ¼ a
3γ−5
6
pϕ; _ϕ ¼
a3γ−5
6

pa −
ϕ
a
pϕ

; ð18Þ
_pϕ ¼
a3γ−6
6
p2ϕ þ a3γV;ϕ; ð19Þ
and
_pa ¼ −
a3γ−7
6
pϕðð3γ − 5Þapa − 3ðγ − 2ÞϕpϕÞ
þ 3γa3γ−1VðϕÞ: ð20Þ
Dynamically speaking, these form a two-dimensional
autonomous Hamiltonian system. Except for the nominal
conservation law, namelyH ¼ 0, it is essential to determine
a second conservation law in order to characterize the
dynamical system as integrable. However, the existence of
a second conservation law depends strongly on the func-
tional form of the effective potential VðϕÞ, or equivalently,
on the form of fðRÞ. It is important to mention that our
analysis and the solutions that we find below can be
transformed for any other lapse function NðtÞ, for more
details we refer the reader to the discussion in [70].
In the rest of the paper, we will study a family of effective
potentials for which the corresponding field equations are
integrable.
III. ANALYTIC SOLUTIONS
The fact that the field equations in fðRÞ gravity form a
canonical Hamiltonian system implies that we can use the
basic tools of classical mechanics in order to investigate the
integrability of the system. Specifically, we are interested in
those cases where the field equations are invariant under
generalized symmetries and are linear in the momentum:
the so-called contact symmetries. These symmetries pro-
vide quadratic conservation laws in the momentum and
they can be determined by using Noether’s second theorem.
In the Appendix, we provide the basic mathematical tools
of the method used here. More details regarding the
application of generalized symmetries in modified theories
of gravity can be found in Refs. [57,58,60].
The application of the generalized symmetries provides
the following general form of the effective potential
VðϕÞ ¼ V1ϕP þ V2ϕQ; ð21Þ
where the constants P, Q are functions of the barotropic
parameter γ. Obviously, this potential describes a large
body of fðRÞ models. In what follows, we discuss the
different cases for the parameters P, Q, which follow from
the symmetry conditions in order for the field equations to
admit extra conservation laws.
A. Model A
For ðP;QÞ ¼ ð0;− 1
2
Þ the potential is
VAðϕÞ ¼ V1 þ V2ϕ−12; ð22Þ
and the field equations (18)–(20) admit the following extra
conservation law:
IA ¼ 6a9−6γ _a½ð3γ − 4Þϕ _aþ a _ϕ − a5

3
5
V1γ þ V2ϕ−12

;
ð23Þ
for γ ≠ 5
3
, or
I¯A ¼ 30a−1 _a½ϕðln a − 1Þ _aþ _ϕa ln a
− 5a5 ln aðV1 þ V2ϕ−12Þ þ V1a5 ð24Þ
for γ ¼ 5=3. At this point we should mention that the above
effective potential (22) has been studied in [60] and it
corresponds to fðRÞ≃ R13 − f0 gravity. However, the con-
servation law (23) is more general with respect to that of
[60], since in the latter article only the case of a dust fluid
(γ ¼ 1) has been used.
Performing the transformation a ¼ x− 13γ−5;ϕ ¼ yx 13γ−5, for
γ ≠ 5
3
the constraint equation and the conservation law IA
are written as
ð5 − 3γÞ
6
pxpy − V1x
3γ
5−3γ − V2x
6γþ1
2ð5−3γÞy−
1
2 − 2ρm0 ¼ 0; ð25Þ
and
ð5−3γÞ
6
pyðypy−xpxÞþ
3
5
γV1x
5
5−3γ þV2x
11
2ð5−3γÞy−
1
2− IA¼ 0;
ð26Þ
with
_x ¼ 5 − 3γ
6
py; _y ¼
5 − 3γ
6
px: ð27Þ
Hence, from Eqs. (25), (26), the action Sðx; yÞ can be
determined and the field equations are reduced to those
of (27) where
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px ¼
∂Sðx; yÞ
∂x and py ¼
∂Sðx; yÞ
∂y : ð28Þ
We find after some calculations that in the cases of dust
(γ ¼ 1) and relativistic matter (γ ¼ 4=3) the corresponding
actions Sðx; yÞ are given by
Sðx; yÞ ¼ − 2
ﬃﬃﬃﬃﬃ
15
p
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yð5IA þ 10ρm0xþ 2V1x52Þ
q
−
Z ﬃﬃﬃﬃﬃ
15
p
V2x
7
4dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð5IA þ 10ρm0xþ 2V1x52Þ
q for γ ¼ 1
ð29Þ
and
Sðx; yÞ ¼ − 2
ﬃﬃﬃﬃﬃ
30
p
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
yð5IA þ 10ρm0xþ V1x5Þ
q
−
Z ﬃﬃﬃﬃﬃ
30
p
V2x
9
2dxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð5IA þ 10ρm0xþ V1x5Þ
p ; for γ ¼ 4=3:
ð30Þ
1. Special case
In order to complete the analysis of the potential (22), we
consider the case of γ ¼ 5
3
. Utilizing the coordinate trans-
formation a ¼ eu;ϕ ¼ ve−u the constraint equation and the
conservation law I¯A become
pupv
6
− V1e5u − e
11
2
uv−
1
2 − 2ρm0 ¼ 0; ð31Þ
and
5
6
pvðupu − vpvÞ þ V1e5uð1 − 5uÞ−5V2e112 uuv−12 − I¯A ¼ 0:
ð32Þ
Therefore, the action is calculated to be
Sðu; vÞ ¼ − 2
ﬃﬃﬃﬃﬃ
30
p
5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vð10uρm0 þ V1e5u − I¯AÞ
q
−
ﬃﬃﬃﬃﬃ
30
p
V2
Z
e
11
2
uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð10uρm0 þ V1e5u − I¯AÞ
p du ð33Þ
while the field equations are reduced to the two-
dimensional system,
_u ¼ −
ﬃﬃﬃﬃﬃ
30
p
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð10uρm0 þ V1e5u − I¯AÞ
q
; ð34Þ
_v ¼
ﬃﬃﬃﬃﬃ
30
p
6
V1vþ 2ρm0vþ
ﬃﬃﬃ
v
p
V2e
11
2
uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð10uρm0 þ V1e5u − I¯AÞv
p : ð35Þ
For large values of u, that is in the late universe, this
system approximates to
_u≃ −
ﬃﬃﬃﬃﬃ
30
p
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðV1e5uÞ
q
; _v≃
ﬃﬃﬃﬃﬃ
30
p
6
ﬃﬃﬃﬃﬃ
V1
p V2e3u; ð36Þ
which means that
R
dv
v ¼ −ð V26V1Þ
R
e
1
2
udu and lnðvÞ ¼
ð− V2
3V1
Þe12u. In this case, after some calculations, we find
ϕðaÞ≃ − 1
9
V2
V1
a
5
2 þ ϕ0: ð37Þ
Lastly, the Hubble function for large values of a takes the
form
H ≃ a−14 exp

V1V2
3
ﬃﬃﬃ
a
p 
: ð38Þ
Also, the effective equation of state (EoS) parameter is
found to be
weffðaÞ ¼ −1 −
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
30V1
p
18
ð3 − 2V2V1
ﬃﬃﬃ
a
p Þa114 : ð39Þ
Notice that, in fig. 1, we present the redshift evolution of
the latter EoS parameter.
B. Model B
In this class of models, the constants P and Q in
the effective potential (21) have the following simple
expressions
z
-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
Eo
S 
pa
ra
m
et
er
 w
e
ff(z
)
-1.1
-1.05
-1
-0.95
-0.9
-0.85
-0.8
-0.75
-0.7
Qualitative Evolution of w
eff(z)
FIG. 1. Qualitative evolution of the equation of state parameter
(39). For the plot we selected V2 ¼ 2. The solid line is for
V1 ¼ 0.65, the dash-dash line for V1 ¼ 0.70 while the dash-dot
and dot-dot liens are for V1 ¼ 0.75 and V1 ¼ 0.80 respectively.
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P ¼ − γ
γ − 2
; Q ¼ − 3γ − 10
3γ − 4
: ð40Þ
Obviously, the prohibited values γ ≠ 4=3 and γ ≠ 2 imply
that in this case the cosmic fluid cannot be that of radiation
or stiff matter. These two special cases need to be studied
separately.
Now, the conservation law is
IB ¼ a10−6γ½ð3γ − 4Þϕ _aþ a _ϕ2 −
2ð3γ − 5Þ
3
V2a6ϕ
6
3γ−4:
ð41Þ
for γ ≠ 5
3
. At this point we use the normal coordinates
ðx; yÞ ¼ ðreθ; re−θÞ, where the pair ðx; yÞ is given by
a ¼ x− 13γ−5;ϕ ¼ yx 13γ−5, for γ ≠ 5
3
. It is worth noting that in
the new coordinates the conservation law is that of the
Lewis invariant which means that the dynamical system
admits as a conservation law2 the Lewis-invariant [75].
Within this framework, we define the constraint equation
and the conservation law, IB, by
ð3γ − 5Þ

p2r
24
þ p
2
θ
24r2

− V1r−
2γ
γ−2 −
V2
r2
e
12θ
4−3γ − 2ρm0 ¼ 0;
ð42Þ
p2θ
36
þ 2V2

5
3
− γ

e
12θ
4−3γ − IB ¼ 0; ð43Þ
with
_r ¼ 5 − 3γ
12
pr; _θ ¼ −
3γ − 5
12r2
pθ: ð44Þ
After some simple algebra, we obtain the corresponding
action Sðr; θÞ
Sðr; θÞ ¼
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
72

γ −
5
3

V2e
−12θ
−4þ3γ − I¯B
s
dθþ ð45Þ
−
Z ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
72

−2ρm0

γ−
5
3

−

γ−
5
3

V1r
− 2γ−2þγ−
1
72
I¯Br−2
s
dr:
ð46Þ
Using the conservation law, we find that the constraint
equation reads
p2r
24
− ð3γ − 5ÞV1r−
2γ
γ−2 þ 3IB
r2
¼ 2ð3γ − 5Þρm0: ð47Þ
Inserting the expression _r ¼ 5−3γ
12
pr into Eq. (47), we have
ð3γ − 5Þ_r2
3456
− V1r−
2γ
γ−2 þ 3IBð3γ − 5Þr2 ¼ 2ρm0:
Interestingly, in the case of γ ¼ 0 (wm ¼ −1), the above
equation becomes
5
3456
_r2 þ 3IB
5
r−2 ¼ V1 − 2ρm0 ¼ Cðρm0; V1Þ: ð48Þ
a solution of which is
r2ðtÞ ¼ 3
5C
ðcþ IBÞ þ
3
5
ð−c1C¯tþ C¯t2Þ
¼ r0 þ
3
5
ð−c1C¯tþ C¯t2Þ
where c1 is an integration constant, C is a constant that
depends from ðρm0; V1Þ and C¯ ¼ 1152C. Hence, this
analytical solution behaves as r≃ t and r≃ t2 for small
and large values of t, respectively.
Moreover, in the case of I¯B ¼ 0, it follows that
eθðtÞ ¼ Θ0ð
R
dt
rðtÞ2ÞλðγÞ, which implies that for small or large
values of t we have aðtÞ≃ tλ1ðγÞðln tÞλ2ðγÞ and aðtÞ≃
tλ1ðγÞetλ3ðγÞ , where λðγÞ are constants related to the barotropic
index γ. Recall that these solutions are expressed in the time
in which the lapse function is NðtÞ ¼ a3ðγ−1Þ.
Below, we will consider some special cases, namely
γ ¼ 5=3, 4=3 and 2.
1. Special case γ = 5=3
Here we consider γ ¼ 5
3
; hence, from Eq. (40), we have
P ¼ Q ¼ 5 and the effective potential is given by
VðϕÞ ∝ ϕ5. The coordinates that we use here are those
of Sec. III A 1, namely, ðu; vÞ. In this context, we obtain the
constraint equation and the conservation law IB∶
pupv
6
þ ðV1 þ V2Þv5 þ 2ρm0 ¼ 0; ð49Þ
p2u
36
− IB ¼ 0: ð50Þ
with _v ¼ 1
6
pu; _u ¼ 16pv. Here, the action takes the form
Sðu; vÞ ¼ 6
ﬃﬃﬃﬃﬃ
IB
p
uþ 2jρm0jﬃﬃﬃﬃﬃ
IB
p v − ðV1 þ V2Þ
36
ﬃﬃﬃﬃﬃ
IB
p v6; ð51Þ
that is,
2For more applications of the Ermakov-Pinney system in
gravitational theories and cosmology, see [71–74].
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_v ¼
ﬃﬃﬃﬃﬃ
IB
p
and _u ¼ 2jρm0j
6
ﬃﬃﬃﬃﬃ
IB
p − ðV1 þ V2Þ
36
ﬃﬃﬃﬃﬃ
IB
p v5; ð52Þ
or equivalently
vðtÞ ¼
ﬃﬃﬃﬃﬃ
IB
p
t; _u ¼ jρm0j
6
ﬃﬃﬃﬃﬃ
IB
p t − ðV1 þ V2ÞðIBÞ
2
180
t6: ð53Þ
Notice, that the scale factor of the universe is approximated
by aðtÞ ¼ eu ≃ e
jρm0 j
6
ﬃﬃﬃ
IB
p
t2 and aðtÞ ¼ e−ðV1þV2ÞðIBÞ
2
180
t7 for small
and large values of t, respectively, where for the latter case
we need to have V1 þ V2 < 0. Furthermore, the expression
for the Hubble function at small values of t is found to be
HðaÞ≃ a−12ðln aÞ1=2; ð54Þ
while for large values of t we get
HðaÞ≃ −ðV1 þ V2Þa4ðln aÞ6=7: ð55Þ
2. Radiation fluid
As we have already discussed, Model B does not exist
for γ ¼ 4
3
(wm ¼ 1=3). In this case, the potential is
VðϕÞ ¼ V1ϕ2; ð56Þ
while the corresponding conservation law generated by the
same Killing tensor becomes
IB ¼ a4 _ϕ2: ð57Þ
Performing the transformation a ¼ rðtÞ½coshϑðtÞþ
sinhϑðtÞ;ϕ ¼ rðtÞ½coshϑðtÞ − sinhϑðtÞ, we find that
the constraint equation and the conservation law IðrÞB are
written as
V1r4 þ 6_r2 − 2ρ0 þ 6r2 _ϑ2 ¼ 0 ð58Þ
6r4 _ϑ2 − IB ¼ 0: ð59Þ
from which we obtain directly
_ϑ2 ¼ IB
6r4
; V1r4 þ 6_r2 − 2ρ0 þ
IB
r2
¼ 0: ð60Þ
Solving the above set of equations, we can define the
quantities rðtÞ and θðtÞ. For example, if we assume for
simplicity that ρ0 ¼ IB ¼ 0, then we find
rðtÞ ¼  6ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
−6V1
p ðc1 − tÞ
; ϑðtÞ ¼ c2; ð61Þ
and thus aðtÞ≃ 6ﬃﬃﬃﬃﬃﬃﬃﬃ
−6V1
p
ðc1−tÞ
;ϕðtÞ≃ 6ﬃﬃﬃﬃﬃﬃﬃﬃ
−6V1
p
ðc1−tÞ
. In this
case, the Hubble function can now be directly calculated
(N ¼ a) and shown to be a constant, that is ðHðaÞÞ2 ¼
_a
Na ¼ jV1j6 , which is the de Sitter solution. That is an expected
result since the current potential corresponds to the
fðRÞ ¼ R2 theory.
C. Model C
The third model that we find is that for which the
constants P and Q are expressed in terms of the barotropic
index by
P ¼ 3γ þ 5
2
; Q ¼ 3γ: ð62Þ
For this model the corresponding conservation law is
calculated to be
IC ¼ ð3γ − 4Þa5−3γϕ2 _a2 þ 3ðγ − 1Þa6−3γϕ _a _ϕþ a7−3γ _ϕ2
þ − ð3γ − 5Þ
6
V1a3γþ1ϕ
7þ3γ
2 −
3γ − 5
1þ 3γ γV2ðaϕÞ
3γþ1:
ð63Þ
Using the transformation a ¼ z −23γ−5;ϕ ¼ wz 23γ−5, we write the
constraint equation and the conservation law in the new
coordinate system as
−V2w3γ − V1
w
5þ3γ
2
z
þ 5 − 3γ
12z
pwpz − 4ρm0 ¼ 0; ð64Þ
IC ¼
wpzpw
72z
ð5 − 3γÞ2 þ p
2
z
144
ð5 − 3γÞ2 þ V1ð5 − 3γÞ
6z
w
7þ3γ
2
þ V2γð5 − 3γÞ
2ð1þ 3γÞ w
1þ3γ; ð65Þ
where now _z ¼ 5−3γ
12z pw and _w ¼ 5−3γ12z pz.
Following [29], we can see that the dynamical system is
supported by a Lie surface and the solution of the
Hamilton-Jacobi equation provides the action
Sðz; wÞ ¼ z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Icþ 24V2ð5 − 3γÞð3γ þ 1Þw
3γþ1 þ 48ρm0
5 − 3γ
w
s
ð66Þ
þ
Z
dw
12V1
5−3γw
5þ3γ
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Icþ 24V2ð5−3γÞð3γþ1Þw3γþ1 þ 48ρm05−3γ w
q ; ð67Þ
where γ ≠ 5=3.
1. Special case γ = 5=3
Again, in the special case of γ ¼ 5
3
, we utilize the
coordinates of Sec. III A 1, ðu; vÞ. Therefore, the constraint
equation and the conservation law IðuÞc now take the form
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−pupv þ 6ðV1 þ V2Þv5 þ 4ρm0 ¼ 0; ð68Þ
p2u
36
− IC ¼ 0: ð69Þ
Now, we obtain
_v ¼
ﬃﬃﬃﬃﬃﬃﬃ
IðuÞc
q
and _u ¼ ρm0
9
ﬃﬃﬃﬃﬃﬃﬃ
IðuÞc
q þ ðV1 þ V2Þ
6
ﬃﬃﬃﬃﬃﬃﬃ
IðuÞc
q v5; ð70Þ
where _v ¼ 1
6
pu; _u ¼ 16pv. Hence, we can write an analytic
solution in closed-form, namely
vðtÞ ¼
ﬃﬃﬃﬃﬃ
IC
p
t and
uðtÞ ¼ ρm0
9
ﬃﬃﬃﬃﬃ
IC
p tþ ðV1 þ V2ÞðICÞ
9
2
36
t6 þ c; ð71Þ
and thus we obtain
aðtÞ ¼ exp

ρm0
9
ﬃﬃﬃﬃﬃ
IC
p tþ ðV1 þ V2ÞðICÞ
9
2
36
t6

þ c: ð72Þ
For small values of t, we easily see that aðtÞ≃
exp ðA0tÞ þ c, while for large values of t the scale factor
becomes aðtÞ≃ exp ðA1t6Þ þ c. Using the expression of
the Hubble function HðaÞ ¼ 1N _aa where now N ¼ a2
we find
HðaÞ≃ a−34 − ca−74 ð73Þ
for small values of t, and
HðaÞ≃ 6ðA1Þ16ðln ða − cÞÞ56ða − cÞa−74; ð74Þ
for large values of the cosmic time. Finally, in this scenario
the corresponding action is given by
Sðu; vÞ ¼ I−12C ½ðV1 þ V2Þv6 þ 24vρm0 þ 36uIC: ð75Þ
IV. QUINTESSENCE AND ACCELERATION
FOR EMPTY SPACETIME
The action integral of the O’Hanlon field ϕ in a four-
dimensional empty spacetime is given from the following
expression:
S ¼
Z
dx4
ﬃﬃﬃﬃﬃﬃ
−g
p ½ϕR − VðϕÞ: ð76Þ
Under the conformal transformation g¯ij ¼ ϕgij, Eq. (76)
becomes
SMN ¼
Z
dx4
ﬃﬃﬃﬃﬃﬃ
−g¯
p 
−
R¯
2
þ 1
2
g¯ij∇μψ∇νψ − e−
2ψﬃ
3
p
VðψÞ

;
ð77Þ
where R¯ now is the Ricci scalar of the conformal metric g¯ij
and ψ is related with the field ϕ as
ψ ¼
ﬃﬃﬃ
3
p
lnϕ or ϕ ¼ exp
 ﬃﬃﬃ
3
p
3
ψ

: ð78Þ
The main difference between the fields ϕ and ψ is that they
are defined in different frames. Specifically, ψ is minimally
coupled scalar field, while ϕ is nonminimally coupled and
defined in the Jordan frame.
In our case, with the aid of Eq. (78), the family of
potentials provided by Eq. (21) is written in terms of ψ as
follows,
V¯ðψÞ ¼ V1 exp ðαψÞ þ V2 exp ðαψÞ; ð79Þ
in which α ¼ ðP − 2Þ= ﬃﬃﬃ3p and β ¼ ðQ − 2Þ= ﬃﬃﬃ3p .
This class of potentials has been studied in the early
universe in Ref. [76], and recently a special case of this
family of potentials has been investigated in the constant-
roll inflationary regime in Ref. [77]. Barreiro et al. [76]
have shown that Eq. (79) can describe various scaling
solutions in the early universe which depend on the
constants appearing in the exponential terms, namely α
and β ¼ ðQ−2Þﬃﬃ
3
p .As was discussed in [76], one of the
coefficients α, β has to be greater than 5.5, (for example,
we assume jαj > 5.5), in order for the theory to be in
agreement with the constraints imposed by the primordial
nucleosynthesis. Furthermore, in order to have a quintes-
sence description with equation of state parameter that fits
observations, the second free parameter is constrained by
β < 0.8. Moreover, for those values of the parameters
where αβ > 0, there exists a late-time attractor which
describes and accelerated universe with equation of state
parameter different from −1. However, for αβ < 0 the
equation of state parameter of the late-time attractor has
an oscillatory behavior until it mimics the cosmological
constant.
In Fig. 2, we present the exponential rates of the potential
(79) for the second family class of models. If we assume
that γ is to be the parameter of a barotropic fluid, that is,
γ ∈ ½1; 2Þ the vertical axis is constrained by the same
bounds. In general, mathematically γ can take any value
except γ ≠ 4
3
. However, close to the value γ ¼ 4
3
, which
corresponds to the limit where the matter source is
radiation, we can see that our parameters are in agreements
with the bounds that we discussed on the previous para-
graph and specifically those arising when αβ > 0.
G. PAPAGIANNOPOULOS et al. PHYS. REV. D 97, 024026 (2018)
024026-8
V. CONCLUSIONS
In thiswork,wehave providednewanalytical solutions for
fðRÞ gravity models which contain an ideal fluid in a
spatially flat FLRW universe. In order to determine the
fðRÞ models which admit exact solutions, we applied the
well known method of invariant transformations and, with
the aid of Noether’s second theorem, we constructed the
corresponding conservation law which was used to solve the
Hamilton-Jacobi equation. Then, this solutionwas applied in
order to reduce the field equations to a system of two first-
order ordinary differential equations and express the solution
in closed-form (where possible). It is interesting to mention
that some of the current fðRÞmodels have been discussed in
Ref. [59], and in the framework of Brans-Dicke gravity in
Ref. [58]. However, in this work we found new cases of
integrable fðRÞmodels. Therefore, in the context of spatially
flat FLRWmetrics, the combination of the present workwith
those of Paliathanasis et al. [59] and Papagianopoulos et al.
[58] provides a complete study of the integrable fðRÞmodels
that contain conservation laws that are quadratic in momen-
tum. Finally, since the issue of frames are still open, namely
if analytical solutions have to be interpreted either in the
Einstein frame or in the Jordan frame, we have studied
conformally related metrics and scalar fields in the frame-
work of O’Hanlon’s theory. In the Jordan frame, we
determined the correspondingminimally coupled scalar field
potential which corresponds to the integrable models that we
found in the Einstein frame.
ACKNOWLEDGMENTS
S. B. acknowledges support by the Research Center for
Astronomy of the Academy of Athens in the context of the
program “Testing general relativity on cosmological
scales” (Ref. number 200/872). A. P. was financially
supported by FONDECYT Grants No. 3160121. A. P.
thanks the University of Athens for the hospitality provided
while part of this work was performed. J. D. B. acknowl-
edges support from the Science and Technology Facilities
Council (STFC) of the United Kingdom.
APPENDIX: SYMMETRIES AND
CONSERVATION LAWS
In this appendix, we present the basic mathematical
material which applied in this work towards determining
the conservation law of the gravitational field equations.
Consider a differential function Fðxi; uA; uA;i; uA;ij…Þ
which is defined in the jet space fxi; uA; uA;i; uA;ij;…g where
xi denotes the independent variables and uA are dependent
variables. The differential function F will be invariant
under the infinitesimal transformation,
x¯i ¼ xi þ εξiðxi; uB; uB;i ; uB;ij…Þ; ðA1Þ
u¯A ¼ uA þ εηAðxi; uB; uB;i ; uB;ij…Þ; ðA2Þ
if and only if {Fðxi; uA; uA;i; uA;ij…Þ ¼ F¯ðx¯{¯; u¯A¯; u¯A¯;{¯ ; u¯A¯;{¯ j¯…Þ,
which means that at every point the value of the differential
function will be the same [78,79]. This is equivalent to the
following mathematical expression,
X½nF ¼ λF; ðA3Þ
where X is the generator of infinitesimal transformation
(A1)–(A2) defined as
X ¼ ξiðxi; uB; uB;i ; uB;ij…Þ∂i þ ηAðxi; uB; uB;i ; uB;ij…Þ∂u:
ðA4Þ
X½n denotes its extension in the jet space fxi; uA;
uA;i; u
A
;ij;…g and λ ¼ λðxi; u; u;i; u;ij…Þ is a function which
should determined. If there is a function λ such that the
condition (A3) holds then the generator X is called a
symmetry of the differential function.
The functional form of the generator (A4) defines the
kind of symmetries. For instance, when ξi, ηA are functions
only of fxi; uAg then X is called a point symmetry, while if
ξi, ηA are linear in the first derivatives, uB;i , then X is called
contact symmetry. Of course, all the vector fields are Lie
symmetries because we are dealing with local infinitesimal
transformations.
There are various methods to construct conservation
laws for differential functions/equations with the aid of the
symmetry vectors. However, the simplest method is to
apply Noether’s theorems. The first of these states that if
FIG. 2. Exponential rates of the early universe potential (79) for
the family class of models B which corresponds to the Ermakov-
Pinney system.
NEW INTEGRABLE MODELS AND ANALYTICAL … PHYS. REV. D 97, 024026 (2018)
024026-9
the action integral is invariant under the action of an
infinitesimal transformation then the field equations are
invariant. For Lagrangian functions of the form Lðt; qi; _qiÞ,
which describe second-order differential equations,
Noether’s first theorem takes the form,
X½1Lþ L dξ
dt
¼ Φ; ðA5Þ
where ξ is the component of the generator X in the direction
of the independent variables and Φ ¼ Φðt; q; _qÞ is a
boundary function.
In our discussion, the Lagrangian of the field equations has
the form L ¼ T − V; that is, Lðqk; _qkÞ ¼ 1
2
γij _qi _qj − VðqkÞ
where γijðqkÞ is the minisuperspace metric. Therefore, with
this family of Lagrangians, and for contact symmetries in
which X ¼ Kijðt; qkÞ _qi∂i, the Noether symmetry condition
(A5) gives the condition
KijVj þΦ;i ¼ 0; ðA6Þ
where Kij ¼ KijðqkÞ is a Killing tensor of the
minisuperspace.
Finally, Noether’s second theorem can be applied to
write the explicit form of the corresponding conservation
law, which for these types of contact symmetry takes the
simple form, I ¼ Kij _qj ∂L∂ _qi −Φ.
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